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BCE 306 - STRUCTURAL ANALYSIS —II

Module — |

Introduction to Force and Displacement methods of structural analysis, Analysis of
continuous beam and plane frame by slope deflection method and moment distribution

method.
Module —I1

Analysis of continuous beam and simple portals by Kani’s method, Analysis of two pinned
and fixed arches with dead and live loads, suspension cable with two pinned stiffening

girders.
Module — 111

Plastic Analysis: Plastic modulus, shear factor, plastic moment of resistance, load factor,
plastic analysis of continuous beam and simple rectangular portals, Application of upper and

lower bound theorems
Module — IV

Matrix method of analysis: flexibility and stiffness method, Application to simple trusses and

beam
Reference Books
1. Indeterminate Structures by J.S. Kenney

2. Indeterminate Structures By C.K. Wang.
3. Matrix methods of Structural Analysis By Pandit and Gupta
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Disclaimer

This document does not claim any originality and cannot be used as a
substitute for prescribed textbooks. The information presented here is
merely a collection by the committee members for their respective
teaching assignments. We would like to acknowledge various sources
like freely available materials from internet from which the lecture
note was prepared. The ownership of the information lies with the
respective or institutions. Further, this document is not intended to be
used for commercial purpose and the committee members are not
accountable for any issues, legal or otherwise, arising out of use of
this document. The committee members make no representations or
warranties with respect to the accuracy or completeness of the
contents of this document and specifically disclaim any implied
warranties of merchantability or fitness for a particular purpose.
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INTRODUCTION TO FORCE AND DISPLACEMENT METHODS OF
STRUCTURAL ANALYSIS

Since twentieth century, indeterminate structures are being widely used for its obvious
merits. It may be recalled that, in the case of indeterminate structures either the reactions
or the internal forces cannot be determined from equations of statics alone. In such
structures, the number of reactions or the number of internal forces exceeds the number
of static equilibrium equations. In addition to equilibrium equations, compatibility equations
are used to evaluate the unknown reactions and internal forces in statically indeterminate
structure. In the analysis of indeterminate structure it is necessary to satisfy the
equilibrium equations (implying that the structure is in equilibrium) compatibility equations
(requirement if for assuring the continuity of the structure without any breaks) and
force displacement equations (the way in which displacement are related to forces). We
have two distinct method of analysis for statically indeterminate structure depending upon
how the above equations are satisfied:

1. Force method of analysis
2. Displacement method of analysis

In the force method of analysis,primary unknown are forces.In this method compatibility
equations are written for displacement and rotations (which are calculated by force
displacement equations). Solving these equations, redundant forces are calculated. Once the
redundant forces are calculated, the remaining reactions are evaluated by equations of
equilibrium.

In the displacement method of analysis,the  primary  unknowns are  the
displacements. In this method, first force -displacement relations are computed and
subsequently equations are written satisfying the equilibrium conditions of the structure.
After determining the unknown displacements, the other forces are calculated satisfying
the compatibility conditions and force displacement relations The displacement-based
method is amenable to computer programming and hence the method is being
widely used in the modern day structural analysis.

DIFFERENCE BETWEEN FORCE & DISPLACEMENT METHODS

FORCE METHODS DISPLACEMENT METHODS

. . 1. Slope deflection method

1. Method of consistent deformation o

2 Theorem of least work g hKAomentdlitrllbutlon method

3. Column analogy method " Ste}?fl s met f[). thod

4. Flexibility matrix method - SlITiness matrix metho

Types of indeterminacy- static indeterminacy | Types of indeterminacy- kinematic
indeterminacy
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Governing equations-compatibility equations | Governing equations-equilibrium equations

Force displacement relations- flexibility | Force displacement relations- stiffness matrix
matrix

All displacement methods follow the above general procedure. The Slope-deflection and
moment distribution methods were extensively used for many years before the computer era.
In the displacement method of analysis, primary unknowns are joint displacements which are
commonly referred to as the degrees of freedom of the structure. It is necessary to consider
all the independent degrees of freedom while writing the equilibrium equations.These degrees
of freedom are specified at supports, joints and at the free ends.

SLOPE DEFLECTION METHOD

In the slope-deflection method, the relationship is established between moments at the ends
of the members and the corresponding rotations and displacements.

The slope-deflection method can be used to analyze statically determinate and indeterminate
beams and frames. In this method it is assumed that all deformations are due to bending only.
In other words deformations due to axial forces are neglected. In the force method of analysis
compatibility equations are written in terms of unknown reactions. It must be noted that all
the unknown reactions appear in each of the compatibility equations making it difficult to
solve resulting equations. The slope-deflection equations are not that lengthy in comparison.
The basic idea of the slope deflection method is to write the equilibrium equations for each
node in terms of the deflections and rotations. Solve for the generalized displacements. Using
moment-displacement relations, moments are then known. The structure is thus reduced to a
determinate structure. The slope-deflection method was originally developed by Heinrich
Manderla and Otto Mohr for computing secondary stresses in trusses. The method as used
today was presented by G.A.Maney in 1915 for analyzing rigid jointed structures.

Fundamental Slope-Deflection Equations:

The slope deflection method is so named as it relates the unknown slopes and deflections to
the applied load on a structure. In order to develop general form of slope deflection
equations, we will consider the typical span AB of a continuous beam which is subjected to
arbitrary loading and has a constant EI. We wish to relate the beams internal end moments
Myp & Mg, in terms of its three degrees of freedom, namely its angular displacements
6,& O and linear displacement A which could be caused by relative settlements between
the supports. Since we will be developing a formula, moments and angular displacements
will be considered positive, when they act clockwise on the span. The linear displacement A
will be considered positive since this displacement causes the chord of the span and the
span’s chord angle to rotate clockwise. The slope deflection equations can be obtained by
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using principle of superposition by considering separately the moments developed at each
supports due to each of the displacements ©6,& 65 & A and then the loads.

P

leHﬂﬂ W1

MAI)'\L*L-
deflection | ‘(;[:~~
curve .
L ‘
ET 1s constant
positive sign convention

Case A: fixed-end moments

+ % ::lJ‘——JV v ___,!___ 'llf —T*l B

i . e
FEM, FEM,

MAB = FEMAB, MBA :FEMBA

wL2 wL?

FEMp = — “—, FEMp, = =~
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Pab? Pa?b

FEMAB = - 2 FEMBA = 12

Case B: rotation at A, 84 (angular displacement at A)

Consider node A of the member as shown in figure to rotate 8,while its far end B is fixed. To
determine the moment M, needed to cause the displacement, we will use conjugate beam
method. The end shear at A acts downwards on the beam since 6, is clockwise.

‘ I /)I
B’ |8 S i I

A
| N
Yy | i . /04
'y y,l"l [ em— | M,
Y

7 real beam
(a)

conjugate beam

(b)

o 1Map |L _[1Mga ]2L _
M, =0, [2 EIL3 [2 EI L]3 0

P l_MBA E_ l_MBA _ZL =
XM; =0, [2 EIL3 [2 - L]3+9AL 0

4EI 2EI
Mag = 64, Mpy =64

Case C: rotation at B, 85 (angular displacement at B)
In a similar manner if the end B of the beam rotates to its final position, 85 while end A is

held fixed. We can relate the applied moment My, to the angular displacement 85 and the
reaction moment Myp.
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2EI 4E]
Myg = T9B7 Mga = TeB

Case D: displacement of end B related to end A

If the far node B of the member is displaced relative to A so that so that the chord of the
member rotates clockwise (positive displacement) .The moment M can be related to
displacement A by using conjugate beam method. The conjugate beam is free at both the ends
as the real beam is fixed supported. Due to displacement of the real beam at B, the moment at
the end B of the conjugate beam must have a magnitude of A.Summing moments about B
we have,

B
A [ e i
A
M l '
- \'-

Z.

real beam

(a)

conjugate beam

(b)

My =0, [[HW]F-FRw]i-a=0

6EI
MAB = MBA= M = —?A

By our sign convention the induced moment is negative, since for equilibrium it acts counter
clockwise on the member.

If the end moments due to the loadings and each displacements are added together, then the
resultant moments at the ends can be written as,
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2EI 3A
MAB = T [ZGA + GB - T] + FEMAB

2EI 3A
MBA = T [293 + GA - T] + FEMBA

Fixed end moment table

L
Z
(FEM)4p = 78£ (FEM)g4 = %’: (FEMY' 5 = _31%1:
P P
a ‘ b— a b—
(1 ) (+ :
L |
Pia Pa’b 2 - '
i - - = e
P P
A B) 1 B
( _L_|_L_| L_ (A L__I__L l_.r_
3 3 3 3 I I
(FEM)4p = _2%’: (FEM)g, = -2%; (FEM), 5 = 2

3

4 4 4 4 4 4
. _45PL
(FEM)gp = 225 (FEM)s, = 2EE (FEM) 5 =2
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General Procedure OF Slope-Deflection Method

L w
(s BEITIT ) (o I,
_&_.
L |
|
(FEM)A.B = 14"17‘;-2'2; (FEM).BA = —wl—gz; (FEM)IAB _ ESL_Z
O | r
(A L L B) (A e
: ! : Z | 7 |
2 2 9
(FEM)ys =157 (FEM);, =157 (FEMY 5 =
- _'Hi W -
M. | B .
_J_LI_.
L R }
(FEM)y5 = %%2 (FEM)py = ‘—‘;%2 (FEM) 5 = "_%2
w w
| B
(A L ] L B) (A L | L ==
2 J 2 7 1 5 \
(FEM)ss =5‘%2 (FEM)s =5_\€%2 (FEM) 4 =5-‘g%2
(A w B) (A ﬂ =14
L 7 i B
(FEM)ys =1 (FEM)s = 7> (FEMy g =2

Find the fixed end moments of each span (both ends left & right).

Apply the slope deflection equation on each span & identify the unknowns.
Write down the joint equilibrium equations.
Solve the equilibrium equations to get the unknown rotation & deflections.

Determine the end moments and then treat each span as simply supported beam
subjected to given load & end moments so we can work out the reactions & draw
the bending moment & shear force diagram.
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Numerical Examples

1. Q. Analyze two span continuous beam ABC by slope deflection method. Then draw
Bending moment & Shear force diagram. Take EI constant.

100 AN
20 wN/m
= /— c
A q P Voot O St V¥ 50 Ve
J ﬂé}’ /7@7
Ly rm g SR p m [
ke . oy =t

Fixed end moments are

Wab? 100 X 4 x 22

AB= T3 T 62 = —44.44 KNm
Wa?b 100 X 42 x 2
BA= T2 oz = 88.89KNm
M wi? __0x 5 = —41.67KN
BG= T T T T g oM
M WL2—20><52—4167KN
o GB=Tp T T gz PR
Since Alis fixed 6, = 0&65& O, # 0
Slope deflection equations are
2EI 2EI El
MAB = MFAB + T [ZOA + OB] = —4444 + ?OB = _4444 + ?63 """ (1)
2EI 4EI 2EI
MBA = MFBA + T [ZOB + OA] = 88.89 + ?GB = 88.89 + ?GB """ (2)
2EI 4EI 2EI
MBC = MFBC + T [ZOB + ec] = —41.67 + ?GB + ?ec """ (3)
2EI 4EI 2EI
MCB = MFCB + T [26(: + GB] = 4167 + Tec + TGB """ (4‘)

In all the above 4 equations there are only 2 unknowns ;& 6. and accordingly the boundary
conditions are

MBA + MBC =0
Mcg = 0 as end C is simply supported.

Mpa + Mpc = 88.89+ =05 —41.67 + —-0p + - 0c = 47.22 + = El0 + -El0c =
0 (5)
4El 2Kl
MCB = 41.67 + ?ec + ?OB =0 e (6)

Solving the equations (5) & (6), we get
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20.83

B = —

El
4167
- - - C-_ EI
Substituting the values in the slope deflections we have,
Mpp = —4444 + = (- 22)= -51.38 KNm
Mg, = 88.89 + Z—E‘ (-£2) = 75 KNm
4EI 20.83 2EI 41.67
Mpc = —41.67 + = (- 22) + 22 (= BF) = —75KNm
Mo = 41.67 + 4EI( 4167>+2EI( 2083) 0
B — 5 El 5 El /]~
100 KN
Q.OHN!m
5038 75 75

Reactions: Consider the free body diagram of the beam

2.0 KNfmMm
c

00 Kro
5738 o= o
e AT W
Rz 29 O Rn Rg=70-60,,, R € 5hni

Find reactions using equations of equilibrium.

Span AB: XMa =0, Rgx6 = 100x4+75-51.38
~Rg = 70.60 KN

SV=0, Ra+Rg=100KN

~Ra = 100-70.60=29.40 KN

Span BC: IMc = 0, Rgx5 = 20x5x2 +75
~Rg = 65 KN

$V=0 Rg+R¢ = 20x5 = 100KN

Rc = 100-65 = 35 KN

Using these data BM and SF diagram can be drawn

12

T

ﬁ?g‘,: 25 KN |
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o AN I

BEMD
£5.00 KN
H78m
29.10 kN +—+
o SFD
+
+ 3S.00 kN
70+60 kN

Max BM:

Span AB: Max BM in span AB occurs under point load and can be found geometrically,

Mnx=113.33-51.38 - (°—) X 4 = 46.20KNm

Span BC: Max BM in span BC occurs where shear force is zero or changes its sign. Hence
consider SF equation w.r.t C
Sx=35-20x=0
x = 2=175m
20

Max BM occurs at 1.75m from C

2
~ Mg = 35 x 1.75 — 20% % = 30.625 KNm

13
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2. Q. Analyze continuous beam ABCD by slope deflection method and then draw bending
moment diagram. Take EI constant.

100 =K =ZOKN
l Ao ke [ VL
Br—vﬁ/—(/—— =
S Ly rn o =2 = S L 1S
A E 3 7% P -\

0, =08&05&0O, #0

Wab? _ 100 x 4 X 22

AB= T T3 62 = —44.44 KNm
Wa%b 100 X 42 x 2
BA= T2 oz = 88.89KNm
M wli 20 x 8% 41.67KN
BC= Ty T 12 oo/RAm
M WLZ—ZOXSZ—4167KN
CB= 75 =~ 12 " m

MCD = —20 X 1.5 = —30 KNm
Slope deflection equations are

2EI 2EIl El
MAB = MFAB + T [ZGA + GB] = —4444 + ?GB = —4444 + ?GB """ (1)
2EI 4EI 2El
MBA = MFBA + T[ZGB + GA] = 88.89 + ?GB = 88.89 + TGB """ (2)
2EI 4EI 2EI
MBC = MFBC + T [ZBB + ec] = —41.67 + ?GB + ?ec """ (3)
2EI 4EI 2El
MCB = MFCB + T[Zec + GB] = 41.67 + ?ec + ?GB """ (4)

Mcp = —20 X 1.5 = —30 KNm

In all the above equations there are only 2 unknowns 6z& 6, and accordingly the boundary
conditions are

MBA + MBC =0

MCB + MCD = O
2EI 4EI 2EI

Mg + Mpc =88.89 + 2205 — 41.67 + =0 + =00 = 47.22 + —El0p +ZEI6 = 0

...... (5)

Mcg + Mcp =41.67 + 0+ 05 =30 = 11.67 + =0 + =0 =0 - (6)

Solving equations (5) & (6),
32.67

B El
_ 175

0, =
¢ El
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Substituting the values in the slope deflections we have,

32.67

EI _
Map = —4444 + = x (- ZZ)= 61 KNm

2EI 32.67
Mg, = 88.89 + 2= x (_T) = 67.11KNm

Mpc = —41.67 + = (- 27) + Z2(25) = —67.11KNm

EI 5
M 4167 + 4E1 ( 1.75) N ZEI( 32.67) — 30KN
cB =+ 5 \ EI 5 El )~ m
MCD = —30KNm
100 kW 2O KN
/__ 20 KN g l
. = c
A ﬁ [ o5y, E ! b
& > A
ah CT-1y 67 it 20 20

Reactions: Consider free body diagram of beam AB, BC and CD as shown

100 kN

200k {m
A 7 =~ B a =
N A Dy
< (= A p CT-11 30
R, = 3231 kN Rg= &T-ck Ra= SF &2 ke Rz z,-.n»}s;&'
100 kW 20 KN
DO KRNy l
= (@]
A ﬂ £ o5, C kS
1% & A
&y ST 67t 20 20
&R 26
/51\ GT-tl 1526
o100 ;
e \ 1 — ; 3400
{
i ' ! = BMD
/33:27 628 IN KNI—-m
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S742 K

J3m .

22,24 KN 2
[ : 2.0 kN

SED

&7 9 KA
Span AB:

Rg X6 =100 4+ 67.11- 61
Rg = 67.69KN

Ra =100- Rg =32.31 KN
Span BC:

Re x 5=20 x§x5+30-67.11

Rc =42.58 KN
Rg =20 x 5- R¢ =57.42KN
Maximum Bending Moments:

Span AB: Occurs under point load

Me= 133.33 — 61 — 11781 4 — 68.26KNm

Span BC: Where SF=0, consider SF equation with C as reference

S, = 42.58-20x =0
X = % —2.13m

2
M= 42.58 X 2.13 — 20 X % —30 = 15.26KNm

3. Q. Analyse the continuous beam ABCD shown in figure by slope deflection method. The
support B sinks by 15mm.Take E =200 x10° KN/m? and 1 =120 x10°m*

/CO KN 20 KN

N | e e |
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A. 0, =08&06&06, #0A=15mm

Wab? 100 x 4 x 22

aB= T 7 = o = —44.44 KNm
Wa?*b 100 x 42 x 2
BA= —3 = o = 88.89KNm
M w20 XS 7k
BC= T1p T 12 PRAm
M, WL2—20X52—4167KN
B=T12 T T 12 m
Mcp = =20 X 1.5= =30 KNm
FEM due to yield of support B
GEIS 65‘.5
SENE l}"f; %
== % /] cETE
L’L
For span AB:
_ _ _6El ,  6x200x10°x120x107¢ 15
Mag = Mga = — 5 A= = ——=—6KNm
For span BC.:
6EI 6x200X10°%x120x1076 15
Mac = Mcg =7 A= = —— = 8.64KNm

Slope deflection equations are

2EI A El El
MAB = MFAB + _I:ZBA + HB - 3g:| = —44.44 + ?03 — 6 =-50.44 + ?93 """ (1)

6
2E1 A 2E1 2E1
MBA =MFBA +T|:293+ BA_3E:|=8889+ TQB_6=8289+TQB """ (2)
2EI A 4E1 2EI
MBC :MFBc‘l‘TI:ZHB"‘ Hc+3§:|: _4'167+ TGB +T9C+864
4E1 2E1
= —-33.03 + TBB + THC ...... (3)
2EI A 4E1 2EI
MCB :MFCB +T|i26c+ HB+3§:|: 4167"‘ T@C +T03+864’
4E1 2E1
= 50.31+T9C+T93 """ (4)

In all the above equations there are only 2 unknowns 8;& 6. and accordingly the boundary
conditions are

MBA + MBC =0
MCB+ MCD :O
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Mgy + Mpc = 82.89 + -0 — 33.03 + =0 + =0 = 49.86 + —El0p + =EI6 = 0
4EI 2EI 2E1 sl (5)
MCB + MCD = 5031 + THC +?93 - 30 = 2031 +?03 +?9C = 0 """ (6)
Solving equations (5) & (6),
3135
B= EI
9.71
%= T
Substituting the values in the slope deflections we have,
El 31.35) _
Mup = —5044 + = x (- £25)=-60.89 KNm
2EI 31.35
Mg, = 82.89 + == X (— T) = 61.99KNm
4EI 31.35 2EI ( —9.71
Mpe = —33.03 + 2 (- 22) + 22 ( 22) = —61.99KNm
4EI ( —9.71 2EI 31.35
Mcp = 5031+ 22 ( 22) + 22 (= £25) = 30KkNm
M¢p = —30KNm
/00 kN Bk R
— ™,
=
A A7 N E:«A(’\;/W\/V—Y‘VWP)Y\ ' i D
< e 7 A,
0. 89 &leqq &1.99 20 3
Consider the free body diagram of continuous beam for finding reactions
/OO0 KA - - Y
T l - e e 5
f.\i. g "} rZd 4; ~
| Rer 5G40kKaN L ; : y‘-{\—_: LT R
Ry= 3345 ke Rg= C&-55wp . R K= @%ff}
REACTIONS
Span AB:

Rg X6 =100 4+ 61.99-60.89
Rg = 66.85KN

Ra =100- Rg =33.15 KN
Span BC:

Rg X 5=20 xg X5+ 61.99 — 30
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Rg =56.40 KN

Rc=20 X 5- Rg = 43.60KN

/00 kn ——
" s etoe |
A ﬁ il N E’Wﬁ?}ﬂ ' D
7 > 5 A Ay
c0-89 &1-99 61-99 el 30
-89

1
l
|
|
£33.23 2SS

BRMD
in RN-M
220S e = deeaa
—_— . s RO ke
\
—+
'4'3'£OKH
L6 B Y Rt
i = F =

Analysis of frames (without & with sway)

The side movement of the end of a column in a frame is called sway. Sway can be prevented

by unyielding supports provided at the beam level as well as geometric or load symmetry
about vertical axis.
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L
= oy
_____ i
% i ~ 1
: /
!
.JI !
4
.f; /
o’ #
rn' f’
& &
.||'IIr ;
~*
Frame with sway
FrIrI7 T

Sway prevented by unyielding support

4. Q. Analyse the simple frame shown in figure. End A is fixed and ends B & C are hinged.
Draw the bending moment diagram.

\

l IR s A

A
-3
a — = = T
e = kA %
= I
5 =27 s ALr 93 P - Ly :
4 il -
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0,=08&050.&0, #0

Wab? 120 x 2 X 42

hp= = - = —106.67 KNm
Wa?b 120 x 22X 4
bam —r = = = 53.33KNm
M WL’ = 20 x 47 = —26.67KN
Be= TTp T T T g eov/RAm
My WX ek
8=y T T qp _ coPIRAm
wL 20x 4
Mo = WL—20X4—10KN
BT g T "
Slope deflection equations are
2EI 2E(2D)
MAB = MFAB + T [ZBA + 93] = _10667 + 93
2E1
= —106.67 + THB ...... (1D
2El 2E(20) 4EI
MBA = MFBA +T[293 + HA] = 5333 + 293 == 5333 + TGB """ (2)
2EI 3EI 3EI
MBC = MFBC + _L [293 + ec] = _2667 + TGB + Tec """ (3)
2E1 3EI 3EI
MCB = MFCB + _L [ZHC + HB] = 26.67 + TGC + TQB """ (4)
2EI 2EI 2E1
MBD = MFBD +T[293+ BD] =10+ TZHB +THD
El
=10+E0p+—6, (5)
2E1 2EI 2E1
MDB = MFDB +T[29D + HB] = _10 + TZQD +T93
El
= _1O+E19D +_93 """ (6)

2

In all the above equations there are only 3 unknowns 6;& 6.& 6, and accordingly the
boundary conditions are

MBA + MBC +MBD =0

Mcp =0
MDB == O
Mg + Mpc +Mgp = 5333+ -0 — 26.67 + =05 + 2= 0 + 10 + El6p += 6, =
36.66 + —Elfp +-Elfc+=6,=0 e 7
Mep = 2667+ 26+ 2o, =0 e 8)
Mpp==—-10+EI6,+26; =0 e 9)
21
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Solving equations (7) & (8) & (9),
883

BT T TRl
1336
¢~ El
14414
b= gl

Substituting the values in the slope deflections we have,
2
Myp = —106.67 + 5(—8.83) = —112.56KNm

4
My, = 53.33 + 2 (~8.83) = 41.56KNm
3 3
Mpc = —26.67 + 5 (~8.83) + (~13.36) = —49.94KNm

3 3
Mcp = 26.67 +(~13.36) + 7 (~8.83) = 0

1
Mgp =10 —-8.83 + > (14.414) = 8.38KNm

1
Mpp = 10 + - (~8.83) + (14.414) = 0

} RO peas (S b qu'q;-. = O MLy
£ R S Fo i &
11 2-5C ar%
A28
2o Isn
D
7
REACTIONS:
SPAN AB:
41.56 —112.56 + 120 x 2
5= z = 28.17KN
Ry, =120 — Rz = 91.83KN
SPAN BC:

4994 +20x4x2

Rp = 2 = 52.485KN
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Column BD:

20 x 2 —8.38
Hp = ————— =7.92KN

Hp = 12.78KN

1D kK-

5.Q. Analyse the portal frame and then draw the bending moment diagram

B0 Ky
C) and ;glg_
g
T 8 Lrn
A B e
7T o 3 777 %
L }rf ;II./

A. This is a symmetrical frame and unsymmetrically loaded, thus it is an unsymmetrical
problem and there is a sway ,assume sway to right

HA = O,HD = 0,93 * O,BC * 0
FEMS:

wab? 80 x 5 x 32
BC= — = -

Iz 32 = —56.25KNm
wa?b 80 X 3 x 52
CB= "z = a2 = 93.75 KNm
Slope deflection equations are
23
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My =M +2E1[29 + 6 3A]—0+2E1(0+0 3A>
ap = Mrap T A B A ) B 7
El 3EIA

Z?BB—T ...... (1)

2EI A
MBA = MFBA +T[293 + BA - Bz]

—O+2E1 20+ 0 3A = FEIf 3EIA 2
=0+ (20 v0-33) mme-ma e @
2EI 2EI
MBC = MFBC + T [263 + Hc] = _5625 + ?(293 + ec)
El El
= _5625 + 793 + ZGC ...... (3)

2EI 2EI
MCB = MFCB + T[ZBC + 03] = 93.75 + ?[ZHC + 03]

El El
=9375+—0c+—0; e (4)
M;yp =M +2E1[29 + 0 3A— +2E1(20 +0 SA)
cD — YFCD I Cc D L - 4 Cc L
10 3EIA )
= c 5
2E1 A
MDC = MFDC + TI:ZBD + 9(: - 3[]
—0+2E1(O+9 3A)_EI 3EI 6)
- 4 ¢ “4)7 27¢ 8
In the above equation there are three unknowns, 65, 6,.& A,accordingly the boundary
conditions are,joint conditions, Mgy + Mgs =0, Mg+ Mcep =0
shear condition, H, + Hp + Py = 0, 48 :MBA +Hep :MDC =0
o MAB + MBA + MCD + MDC =0
Now, Mg, + Mz = EI6; — %A —56.25 + =0 += 0 =-56.25+> = Op+— 0, —
%A: 0 7)
Mcp +Mcp = 9375+ 20 += 6+ EI6; === 9375+ =05 + 220, — = =
0 (8)

Mup +Mgs +Mcp + Mpe = =0p — =+ Elfp — 2 A+ EIf; — = += 6 — >~ A=

3EI 3EI 3EI

~ EIA= EIOz +EIO, 9)
Substitute in (7) & (8), equation (9),
3EI EI 3EI
-5625"‘7634‘: ec - ? (GB + ec) =0
56.25+0g268c=0 e (10)

EI 3EI 3EI
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9375-Z0g+ 20 =0 e (11)

Solving equations (10) & (11), we get
4125

_ B EI
By equation (10),
9EI 9
El6, = 8 [—56.25 + ?93] =8 [—56.25 + §(41.25)] — _7875
_ —78.75
€T El
EIA= El6g + EI6,=41.25 — 78.75 = —37.5
—-37.5

~ EI
Substituting these values in slope deflection equation, we have,

1 3
Myp =5 (41.25) — = (~37.5) = 34.69KNm

3
Mg, = 4125 — £ (~37.5) = 55.31KNm
1 1
Myc = —56.25 + 5 (41.25) + 7 (~78.75) = ~55.31KNm

1 1
Mcp = 93.75 + > (—=78.75) + 2 (41.25) = 64.69KNm

3
Mcp = ~78.75 — = (~37.5) = ~64.69KNm

1 3
Mpc = E(—78.75) — §(—37.5) = —25.31KNm
S0 kn
5&.2)
[~3 7 -~ c
g Y vy
GH-ca € |
L/ S
& 3L NE, D
l7777I : 7777
Reactions: consider the free body diagram of beam and columns
Column AB:
34.69 + 55.31
Hy = = 22.5KN
4
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Under Revision



Span BC:

55.31 — 64.69 + 80 X 3
e - = 28.83KN

R, =80 — Rz = 51.17KN

Column CD:
64.69 + 25.31
b= = 22.5KN
4
Check:
YH=0,Ha+Hp=0,225-225=0
Hence okay
8% -83
_‘,_.
553 / ‘ \ Eeh-69
A s
= /s0o -
\
—+ 34269 ST A

=MD

1~ KN

6. Q. Frame ABCD is subjected to a horizontal force of 20 KN at joint C as shown in
figure. Analyse and draw bending moment diagram.

lQOKN
e

B
I
/.g -

Vs S

te

SORN/ gy

26
Under Revision



A. The frame is symmetrical but loading is unsymmetrical. Hence there is a sway,
assume sway towards right. In this problem

8,=0,0, =00z 0,0, #0

FEMS:
wl2 10 x 42
Mpap= — 5T o —13.33KNm
wl2 10 x 42
MEpga = 12 = 1 = 13.33 KNm
wl 90 x 10
Meggc = —?= _—8 = —112.5KNm
Mpcp— 5 = = =112.5KNm

Slope deflection equations:

Mag =M +2EI[29 + 0 SA]— 1333+2EI(0+9 3A)
EI 3EIA

=—-13.33 + ?GB -~ (D

2EI A
MBA - MFBA +T[26B + GA - SI:I

= 13.33
2EI A 3EI
+T<29B+O_3Z>:1333+E19B_?A """ (2)
2EI 2E3I
MBC = MFBC + T [ZGB + ec] = —1125+ T(ZGB + ec)
6EI 3EI
= —112.5+TGB +T9C ...... (3)
2EI 2E3I
MCB = MFCB + T [ZGC + GB] = 1125 + T [Zec + GB]
6EI 3EI
= 1125+T9C+TGB ...... (4)
Mcp =M +2EI[29 + 0 BA]—0+2EI(29 +0 3A>
Ch — FCD L C D L - 4 C 4
3EIA
= Elf¢ — - e (5)

2EI A
MDC = MFDC + T[ZOD + ec - 3E]

—0+2EI(0+9 3A)—Ele SEIA (6)
- 4 C v4) 7 27°¢ g
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In the above equation there are three unknowns, 65, 6.& A, accordingly the boundary

conditions are,
\]Oint Conditions, MBA + MBC = 0, MCB + MCD = 0
Shear condition, Hy + Hp + Py =0, Hpa+Hp+40=0
Hy X4 = Mpg + Mgy —10><4><§

Mpg + Mgy — 80
A~ 4

HD X 4 = MCD + MDC
_ Mcp + Mpc
p=—m7rT—
Mpg + Mgy —80 Mcp + M
AB BA + CD DC + 40 =0
4 4
MAB + MBA + MCD + MDC + 80 == O

NOW, MBA + MBC = 0
3EI 6EI 3EI
13.33 4+ El0g ——A — 1125+ —0g + — 0. = 0
8 5 5
2.2EI0g + 0.6EI8; —0.375EIA—99.17=0 e (7)
MCB + MCD = 0
EI 3EI 3EIA
112.5+?ec+?93+ EIeC_TZO
...... (8)

112.5+2.2 E10:+0.6E185 —0.375 EIA= 0

MAB+ MBA +MCD + MDC +80=0

El 3EIA 3EI 3EIA  EI 3EI
1333 + 5 685 ———+ 1333 + Elfg — —~A+ B¢ ———+ - 8c ———A+80 =0

2 8

1.5EI6g + 1.5EI8c —1.5EIA+80=0

Solving equations (7), (8)& (9)

5 72,65
B= EI
o _ 59.64
¢~ EI
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_ 66.34

El
Substituting these values in slope deflection equation, we have,
Myp = —13.33 +%(72.65) —2(66.34) = —1.88KNm
Mg, = 72.65 —2(66.34) = 61.10KNm
Mg = —112.5 +§(72.65) +§(—59.64) = —61.10KNm

6 3
Mcp = 1125 + g(—59.64) + 5(72.65) = 84.52KNm

3
Mcp = —59.64 — 5(66.34) = —84.52KNm

1 3
Mpe = 5 (~59.64) — = (66.34) = ~54.70KNm

Q0 knw
5, . N
1 %
/g\ S| IC Elpe52 f\
/r
£
)
X
<
/8B She=v0
\ SIE
177577

Reactions: Consider the free body diagram of various members
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U NN
PRI
f X guro & 4.5 f
Rg RC/
6 \' ‘f =
[P
_\célnlO 84‘52/‘
A
&
2
£
g
R (°TF 5410 4
Ia F - o
A Ai % H[
Ra Ry
Member AB:
61.10—188—-10x4 x 2
Hp = 2 = —5.195 KN
Span BC:
84.52 - 61.104+90 x5
Rc = T = 47.34 KN
Rg = 90 — R = 38.34KN
Column CD:
84.52 + 54.7
p=— = 34.81KN
Check:
YH=0,Hpa+Hp+10%x 4=0, -5.2+34.81+ 10x 4=0
52273
—y
+ ——
! Sa i S 4-S2
< O — (
[
22S A
s470/ 1|
=2 M D
In KN-M
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7.Q.Analyse the portal frame and draw the B.M.D.

2 RN/
~ﬁe’ w-\r(;;\:a’;ac = _r.

/]
|'S1
Am &
1 LFTN
7?‘*‘7777 1
WD-\-»L
Lk Sm “ |
Py A

A. Itis an unsymmetrical problem, hence there is a sway be towards right.

OA = O,GD = 0,0B * O,ec =0
FEMS:

Mgag= Mgga= 0 = Mgcp= Mgpc
wl? _ 20 % 52

7 = 2 - —41.67KNm

1VIFBC =

Moy L - 20X5% ) 67kN
FCB= "1 — T 12 AR

Slope deflection equations:

Mpag =M +2EI[26 + 6 SA]—2E1<O+O 3A)
aB = MpaB T A B L= 3 B 3
_ 2EI 2EIA

~ 3 B 3

2EI A
MBA = MFBA +T[29B + OA - SE]

2EI A 4EI 2EI

3 3
2El 2E(1.5)I
MBC == MFBC + T [293 + ec] == —4'167 + T (293 + ec)

6EIl 3EI
= —41.67 + ?GB + Tec
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2El 2E(1.5)I
MCB = MFCB + T[zec + GB] == 4167 + T[Zec + GB]

6EIl 3EI

== 4167 + ?ec + ?GB """ (4)
Mcpp =M 2kl 20 0 3A =0 2EI<26 0 BA)
eo = Mrco + -[20c + 0 = 37] = 0+ (200 +0-35
3EIA
= ec_T ...... (5)

2EI A
MDC = MFDC + T [ZGD + ec - 3E:|
A) El 3EI

—0+2EI(0+9 3—)=—090 A (6)
- 4 € 4) " 2°¢ 8

In the above equation there are three unknowns, 6z, 6.& A, accordingly the boundary
conditions are,
Joint conditions, Mg, + Mg, =0, Mcg + Mcp =0

Shear condition, H, +Hp =0, - MAB;MBA + MCDZMDC

4(Mpp + Mpp) +3Mcp + Mpc) =0

+40 =0

NOW, MBA + MBC =0
4E19 2EIA 4167+6E10 _|_3E119 —0
3 B 3 ' 5 B' 5§ ¢
2EI
2.53E165 + 0.6E10, — TA —-41.67=0 e (7)

MCB+ MCD :O

6El 3EI 3EIA
41.67 + —0; +—0p + EI§ ——— =0
5 5 8
41.67+2.2 EI9.+0.6EI65 —0.375EIA=0 e (8)

4(Mpp + Mpy) +3(Mcp + Mpc) =0

4(251‘9 2E1A+4E19 2E1A)+3E19 3EIA+E19 3E1A B
3 B 3 3 B 3 (E10c 8 2°¢ 8 )=

8EIO; + 45EI6, — 753 EIA=0 e (9)

Solving equations (7), (8)& (9)

_ 25.46
B= EI
_ —23.17
¢ EI
32

Under Revision



_128

EI

A

Substituting these values in slope deflection equation, we have,

2 2
Mag = 5 (25.46) — 5 (12.8) = 8.44KNm

4 2
Mga = 5 (25.46) — < (12.8) = 25.4KNm

6 3
Mg = —41.67 + £ (25.46) + = (~23.17) = —25.4KNm

6 3
Mcg = 41.67 + 2 (~23.17) + = (20.46) = 28.5KNm

3
Mcp = —23.17 — £ (12

.8) = —28.5KNm

1 3
Mpc = 5 (~23.17) — £ (12.8) = ~16.65KNm

25- ho 2 O KM
& mm c
ey g
T 28-STF N
AKJ &+ Ly
S 16-c5 \J.A
s7777 B

Reactions: Consider the free body diagram

2540 2O N, 2 ST
Bmc

5= i

P Re
” f=

2540 A<

2o
3 a0
A
Ba 1Gess \jl;

R
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Member AB:

25.4 4+ 8.44
Hpy = — 3 = 11.28 KN
Span BC:
5
28.5—25.4+20><5><7
Rc = z = 51.64 KN
Rg =20 X5 —51.64 = 48.36KN
Column CD:
28.5 4+ 16.65

p=—"fFp = 11.28KN
Check:
>H=0,Ha+Hp=0 Satisfied, hence okay

!

! i

= i 2%
2540 [ 1 2850
4 {
— ce2-5 S
| B sis
Fel Lok
= NV D
1 REKa-m .
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MOMENT DISTRIBUTION METHOD

This method of analyzing beams and frames was developed by Hardy Cross in 1930. Moment
distribution method is basically a displacement method of analysis. But this method side steps
the calculation of the displacement and instead makes it possible to apply a series of
converging corrections that allow direct calculation of the end moments. This method of
consists of solving slope deflection equations by successive approximation that may be
carried out to any desired degree of accuracy. Essentially, the method begins by assuming
each joint of a structure is fixed. Then by unlocking and locking each joint in succession, the
internal moments at the joints are distributed and balanced until the joints have rotated to
their final or nearly final positions. This method of analysis is both repetitive and easy to
apply. Before explaining the moment distribution method certain definitions and concepts
must be understood.

Sign convention: In the moment distribution table clockwise moments will be treated +ve
and anti clockwise moments will be treated —ve. But for drawing BMD moments causing
concavity upwards (sagging) will be treated +ve and moments causing convexity upwards
(hogging) will be treated —ve.

Fixed end moments: The moments at the fixed joints of loaded member are called fixed

end moment. FEM for few standards cases are given in previous chapter.
Member stiffness factor:
a) Consider a beam fixed at one end and hinged at other as shown in figure subjected to a

clockwise couple M at end B. The deflected shape is shown by dotted line.

BM at any section xx at a distance x from ‘B’ is given by

d?y
Elﬁ= RBX—M

Kk B } P, Q
\ e %
. dy _ Rpx*
Integrating EI& == Mx + C;
. .. dy
Using condition at x = L, ol 0
C, = ML Rpl”
1= 2
dy RBX2 RBLZ
 ElI== = -M ML — ¢!
ax 2 X+ 2 (1)
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Integrating again Ely = RBTXS — MTXZ + (ML — RBZLZ) x+ C,
Using condition at x =0, y=0, C, = 0
~ Ely = Rex” — M—XZ + (ML — RBLZ)X - (2)
6 2 2
Using at x=L, y=0 in equation (2)
2L
Substituting in equation (1)
g M ML - (3)
dx 4L 4
Substituting at x =0, Z—Z = O3 in equation (3)
Elop = ==, M ="20g
The term in parenthesis
{K = 4TEI} For far end fixed ...................... (4) is refered to as stiffness factor at B and can

be defined as moment M required to rotate end B of the beam 6z = 1 radian

b) Consider freely supported beam as shown in figure subjected to a clockwise couple M at B

By using XMg =0

Ry =)
ATL
And using 2V = 0 Rg == (1)
R, =™ |
. G 1 ' '6 = ~ M
g Bl
e L,’,_\,‘ L
BM at a section xx at distance x from ‘B’ is given by
El %y _M M
dxz L~
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ing E1&Y — Mx* _
Integrating EIdX =13 Mx + C4

3 2
Integrating again Ely = %XZ — MTX + Cix+ C,

Atx =0y =0, C,=0

ML
Atx = L y = O,Clz?
EIaly_Mx2 y +ML
dax L2 773
Substituting at x =0, % = Og in the above equation Elf6g = % , M = STEIBB
The term in parenthesis
{K = 3TEI} is termed as stiffness factor at B when far end A is hinged ...................... (5)

Joint stiffness factor:

If several members are connected to a joint, then by the principle of superposition the total
stiffness factor at the joint is the sum of the member stiffness factors at the joint i.e.,
KT =3K

E.g. For joint ‘0’, Kt = Kga + Kog + Koc + Kop

& A
v 4 A
Rz 22 s !
e /[ Taka
= o T
1/ Ji}‘\ 2 !
Tl e N
{ / T W{(
[ / R -
£ [ |
B
T /
Ty o5
C v

Distribution factors: If a moment ‘M’ is applied to a rigid joint ‘0’, as shown in figure, the
connecting members will each supply a portion of the resisting moment necessary to satisfy
moment equilibrium at the joint. Distribution factor is that fraction which when multiplied
with applied moment ‘M’ gives resisting moment supplied by the members. To obtain its
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value imagine the joint is rigid joint connected to different members. If applied moment M
cause the joint to rotate an amount ‘0°, Then each member rotates by same amount.
From equilibrium requirement

M=Mi+My+Ms+......
= K19 +K29 +K39: BZK

Mi_ Kb _ Ky
DR =51 = OYK YK
-k
In general DF = T .(6)

Member relative stiffness factor: In majority of the cases continuous beams and frames will
be made from the same material so that their modulus of electricity E will be same for all
members. It will be easier to determine member stiffness factor by removing term 4E & 3E
from equation (4) and (5) then will be called as relative stiffness factor.

K, = LL for far end fixed
31

K, = e for far end hinged

Carry over factors: Consider the beam shown in figure

g /}'; — — - 7{:)(‘\( —_—.\;« \\\/\

We have shown that

SIS

dx

d2
BMatA (EI —ﬁ)at _, =leM/20x - M), =

+ve BM of %at A indicates clockwise moment of % at A. In other words the moment ‘M’ at

the pin induces a moment of % at the fixed end. The carry over factor represents the fraction
of M that is carried over from hinge to fixed end. Hence the carry over factor for the case of
far end fixed is +%. The plus sign indicates both moments are in the same direction.

Moment distribution method for beams:

Procedure for analysis:

(i) Fixed end moments for each loaded span are determined assuming both ends fixed.

(i) The stiffness factors for each span at the joint should be calculated. Using these values the

distribution factors can be determined from equation DF = ZﬁK

DF for a fixed end = 0 and DF = 1 for an end pin or roller support.

(ili) Moment distribution process: Assume that all joints at which the moments in the
connecting spans must be determined are initially locked.
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Then determine the moment that is needed to put each joint in equilibrium. Release or unlock
the joints and distribute the counterbalancing moments into connecting span at each joint
using distribution factors.

Carry these moments in each span over to its other end by multiplying each moment by carry
over factor.

By repeating this cycle of locking and unlocking the joints, it will be found that the moment
corrections will diminish since the beam tends to achieve its final deflected shape. When a
small enough value for correction is obtained the process of cycling should be stopped with
carry over only to the end supports. Each column of FEMs, distributed moments and carry
over moment should then be added to get the final moments at the joints.

Then superimpose support moment diagram over free BMD (BMD of primary structure) final
BMD for the beam is obtained.

1.Q. Analyse the beam shown in figure by moment distribution method and draw the BMD.
Assume El is constant

MraB= Mpga=0

w2 20 x 122
Mppc= — VAT = —240KNm

wl? 20 x 122

Mpcp - 17 = .y = 240KNm
Mpcp- — o = —=2==-250KNm

wL 250%8

MFDC = ? = T =250KNm
(ii) Calculation of distribution factors

Jt. Member . “1;‘:2:2‘[1) K DF = %
B BA V12 6 05
BC U12 0.5
C CB U12 5124 0.4
CD U8 0.6

(iii) The moment distribution is carried out in table below.
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It A
Member AB BA | BC CB | CD o
D.F 0 05105 0.410.6 0
FEM 0 01]-240 +240 | -250 +250
Balance /120 +122>< 416 \
coO 60 2 60 3
Balance / -1]-1 >_<>—24 —36\
c.o -0.5 -12 -0.5 -18
Balance +6 | +6 ><0.2 0.3\
co 3 — 0.1 3 0.15
Balance /0.05 -O.(E><-1.2 -1.8\
CcoO -0.03 -0.6 -0.03 -0.9
Balance /0.3 +0.3 0.01 0.02\
c.o 0.15 0.01
62.62 125.25 | -125.25 281.48 | -281.48 234.26
Final
moments

After writing FEMs we can see that there is a unbalancing moment of —240 KNm at B & -10
KNm at joint C. Hence in the next step balancing moment of +240 KNM & +10 KNm are
applied at B & C Simultaneously and distributed in the connecting members after multiply
with D.F. In the next step distributed moments are carried over to the far ends. This process is
continued until the resulting moments are diminished an appropriate amount. The final
moments are obtained by summing up all the moment values in each column.

Drawing of BMD is shown below in figure.

FAN
i ,
= - =
— = S I — |' \ s‘_
- —

2. Q. Analyse the continuos beam as shown in figure by moment distribution method and
draw the B.M. diagrams
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LA W (W\ .LQV\N{M

a Jecocrocccorroopn J( C(YXXAé:(\(‘Q\ 5
3] - c‘[‘ ;\T

ke &M PR S SO, W By s

Support B sinks by 10mm
E=2x10°N/mm2 1=1.2x10*m*
A. FEMS

wl?  [6EI ] 20 x 62 [6 X 2% 10% x 1.2 X 107* x 1012 y 10]

Morn. ———— |—
FAB= " 12 L2 12 (6000)2 x 10°
= —100 KNm
wL2 6EI 20 X62 6X2x10°%1.2x10"%x1012
Mrpa = 12 FA] =~ "1z [ (6000)2x106 X 10] = 20KNm
M Wab2+ 6EIA] 50 X 3 X 22 6><2><105><1.2><10‘4><1012><10
FBC = 12 2] 52 (5000)2 x 106
= 33.6KNm
M wa2b+[6EI ] 50 x2x32_|_6><2><105x1.2><10‘4><1012 10
FCB= 12 L2 52 (5000)2 x 106
= 93.6KNm
wlL2 20 x42
Mecp= ——, = ——, = —26.67KNm
wlL2 20 x42
Mppc= == ——= = 26.67KNm
Distribution factor
Relative K
Jt. Member ) i YK DF= —
stiffness (K) YK
B BA /6 0.46
BC I/5 0.36I 0.5
C CB I/5 0.51
CD 3T 0.391 0.49
—x—=10.191
4 4
41

Under Revision



MOMENT DISTRIBUTION

It A D
Member | AB BA | BC CB|CD DC

DF 0.46 | 0.54 0.51]0.49

FEM -100 +20 | +33.6 +93.6 | -26.67 +26.67
Release jt. -26.67

D’

CcO -13.34

Initial -100 +20 [ +33.6 +93.6 | -40.01 0
moments
Balance /-24.66 -28.94 27.33 | -26.26

Cc.O -12.33 -13.§;><--14.47
Balance /+6.29 +7.3‘8>_<+?.38 +7.09

CcoO +3.15 +3.69 +3.69
Balance Y -1.7 -1.99><—1.88 -1.81

Cc.O -0.85 -0.94 -1
Balance . +0.43 +O.ﬁ><+0.51 +0.49

CcoO +0.22 +0.26 +0.26
Balance / -0.121-0.14 -0.13 {-0.13
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C.0 -0.06
Final -109.87 +0.24 | -0.24 +60.63 | -60.63

moments

20x62 /8 =90
KNM

BMD

Moment distribution for frames: (No side sway)

The analysis of such a frame when the loading conditions and the geometry of the frame is
such that there is no joint translation or sway, is similar to that given for beams.

3. Q. Analysis the frame shown in figure by moment distribution method and draw

BMD assume El is constant.

BN {M
L0 e

5./ @(:r:{?r-cv\; ‘(‘\L’\"‘«C(\.,’\(\(\L"% - 4 \..:

aM - G\ N L \_4
l

<
3
P3
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FEMS

MFAB= lVIFBA= lVIFCD= l\/IFDC= MFCE= MFEC= 0

5X62

FBC= - 212-=—15KNm
M 2
FCB= 5>1<26 =15KNm

DISTRIBUTION FACTOR

K
Jt. Member Relative stiffness (K) 2K DF = ﬁ
B BA /5 11 0.55
30
BC /6 0.45
C CB 1/6=0.171 0.33
D 305 0151 0511 0.3
4
CE 3 0.37
Sel o191 ’
474
MOMENT DISTRIBUTION
Jt A B C D E
Member AB BA | BC CB CD | CE DC EC
DF 0 0.55] 045 0.33 03037 1 1
FEM 0 01]-15 +15 00 0 0
Balance 8.2516.75 ><-4.95 -45]-555
C.O 4.13/ 248 338
Balance /1.36 1.12><—1 12 -1.01 | -1.25
Cc.O 0.68 0.56 0.56
Balance /0.31 0.25 -0.18 -0.17 | -0.21
Cc.O 0.16 -0.09 0.13
Balance /0.05 0.04 -0.04 -0.04 | -0.05
Cc.O 0.03
Final 5 9.97 | -9.97 12.78 -5.72 | -7.06 0 0
moments
44

Under Revision



BMD

Moment distribution method for frames with side sway

Frames that are non symmetrical with reference to material property or geometry (different
lengths and | values of column) or support condition or subjected to non-symmetrical loading

have a tendency to side sway.

4.Q. Analyze the frame shown in figure by moment distribution method. Assume El is

constant.
\Gww
e U .. S
Qr rm &
SM
&l Lo

A. Non Sway Analysis:
First consider the frame without side sway
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Mgag= Mgga = Mpcp= 0

M
FBC= — 16);%42}10.241(Nm
M
FCB= 16X542X12=2.56KNm
DISTRIBUTION FACTOR
Jt Member Relative 2K DF = :
) B stiffness K K
B BA I's=021 041 0.5
BC I'5=021 0.5
C CB I/5=0.21 0.41 0.5
CD I/5=021 0.5
DISTRIBUTION OF MOMENTS FOR NON-SWAY ANALYSIS
Toint A B — C D
Member AB BA | BC CB | CD DC
DF 0 051053 05105 0
FEM 0 -10.24 25610 0
Balance 5.1215.12 -1.28|-1.2
/ \
CcoO 2.56 —0.6-><2.56 -0.64
Balance 0.3210.32 -0.08 [ 0.0
CcoO 0.16 -0.6: 0.16 -0.64
Balance — 03203 -0.08 —0.08\
coO 0.16 -0.04 0.16 -0.04
Balance 0.0210.02 -0.08 [ -0.0
/ 8\5
coO 0.01 -0.04
Final 2.89 5.78 | -5.78 2.72 | -2.72 -1.36
moments

FREE BODY DIAGRAM OF COLUMNS
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L =
5.78 KINM 1.73 KN 2.72 KINM 0.82 K’N

2.8 KNM ‘> 1.36 KNM &
1

By seeing of the FBD of columns R = 1.73 - 0.82
(Using ZF =0 for entire frame) =091 KN <—

Now apply R = 0.91 KN acting opposite as shown in the above figure for the sway analysis.
Sway analysis: For this we will assume a force R is applied at C causing the frame to deflect
A’ as shown in the following figure.

1 t
A A
Fatiion Y
A T * R
! ]
1

Since both ends are fixed, columns are of same length & | and assuming joints B & C are
temporarily restrained from rotating and resulting fixed end moment are

! ! 1A ! 6E1
Myp = Mgy = M¢p = Mpe = —5-A

LZ
Assume Mg, = —100KNm
Mig = MLy = Mp, = —100KNm

Moment distribution table for sway analysis:

Joint A B C D
Member AB BA | BC CB | CD DC
DF 01 05]05 05]05 0
FEM —100 —100 | O 0| —-100 —100
Balance 50 | 50 50 | 50
cO 25 25 25 25
Balance —12.5 | —12.& 125 | —12.3
CcO -6.25 —6.25 -6.25 —6.25
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Balance 3.125 | 3.12¢F 3.125 | 3.12°
— T T—
CcO 1.56 1.56 1.56 1.56
Balance —-0.78 | -0.78 -0.78 | -0.7
/ 8\
cO -0.39 —0.39 -0.39 0.39
Balance 0.195 | 0.195 0.195 | 0.197
/ \
CcO 0.1 0.1
Final -80 -60 | 60 60 | —60 - 80
moments

Free body diagram of columns

Cl\]i’—\_%ZS KN (&'\—> 28 KN

60 KNNI 60 KNM

80 KNM 80 KNM

§—28 KN ﬁ—gg KN

Using X F x = 0 for the entire frame

R=28+28 =56 KN—

Hence R = 56KN creates the sway moments shown in above moment distribution table.
Corresponding moments caused by R = 0.91KN can be determined by proportion. Thus final
moments are calculated by adding non sway moments and sway.

Moments calculated for R = 0.91KN, as shown below.

0.91
Myp = 2.89 +——(~80) = 1L.59KNm

0.91
MBA =5.78 + g(—60) =4.81KNm

0.91
Mpc = =578 + ——(60) = —4.81KNm
0.91
MCB =272+ ¥(60) = 3.7KNm
0.91
MCD =-272+ g(—60) = —3.7KNm

0.91
Mpe = =136+ (~80) = ~2.66KNm
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KNM [ -7 5

4.81 i \ 3.7 KNM

KNM 0 ST T

1.59 2.66
KNM s iz o JINM

BMD

5.Q. Analysis the rigid frame shown in figure by moment distribution method and draw

BMD

20 KN

L | 2m
" 1B o1 C

4n 4

| I
10 KN”"I Dg

3 111‘

&

/';A

A. Non Sway Analysis:
First consider the frame held from side sway

FEMS

10 X 3 x 42
MEgaB= — — = —9.8KNm
10 X 4 x 32
Mepa- ——5—— = 7.3KNm
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M

FBC= — 2°8X4=—10KNm
20x 4
MEcB= = 10KNm
MFCD= l\/IFDC= 0
DISTRIBUTION FACTOR
Joint Member Relative Yk DF = —K
. stiffness k ZK
B BA 3 1 0611 0.18
—x— =0.111
4 7
BC 21/4 =0.51 0.82
C CB 21/4 =0.51 0.72
CD 3 0691 0.28
3.t o101
4 4
DISTRIBUTION OF MOMENTS FOR NON-SWAY ANALYSIS
Joint A D
Member AB BA | BC CB | CD DC
D.F 1 0.18 | 0.82 0.7210.28 1
FEM 9.8 73| -10 100 0
Release jt. +9.8\)
£D‘
CcO 4.9
Initial 0 12.2 | -10 100 0
moments
Balance -04 —1.8><—7.2 -2.8
CcO -3.6 -0.9
Balance 0.65] 295 0.65]1025
Cc.O 0.33 1.48
Balance -0.06 ] -0.2 -1.07 | -0.41
Cc.O -0.54 -0.14
Balance 0.1]0.44 0.10.04
Final 0 12.49 | -12.49 2.92|-2.92 0
moments
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FREE BODY DIAGRAM OF COLUMNS

Kj;*\_—6.07 KN mo.ﬁ KN

12.49 KNIg 585 TAND
4 ny

10 KN—
S 1

Applying 2Fx = 0 for frame as a

Whole, R =10-3.93-0.73

=5.34 KN+

Now apply R = 5.34KN acting opposite

Sway analysis: For this we will assume a force R is applied at C causing the frame to
deflect A’ as shown in figure

o \
A
& g <
¥ o=«

Since ends A & D are hinged and columns AB & CD are of different lengths

’ 3EI ! ' 3EI !
MBAz_L_%A! MCD=_L_%A!
EA'
Mgy L[2° 15 4% 16
Mcp 3_1215 12 72 49
2
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Assume Mg,
Mecp =

—16KNm, Mjz = 0
—49KNm, M), =0

MOMENT DISTRIBUTION FOR SWAY ANALYSIS

Joint A B C D
Member AB BA | BC CB | CD DC
DF | 0.18 1 0.82 0.7210.28 1
FEM 0 -16 {0 0|-49 0
Balance 2.8813.12 3528 | 13.72
coO 17.64 6.56
Balance -3.18 —14‘4.(><4.72 -1.84
coO -2.36 -7.23
Balance 042 1.94 5.2112.02
c.o 2.61><0.97
Balance -0.47 | -2.1 -0.7 [ -0.27
co 0.33><-1.07
Balance 0.0610.29 0.77 0.3
c.o 0.39 0.15
Balance -0.07 | -0.32 -0.11 | -0.04
Final 0 -16.36 | 16.36 35.11 | -35.11 0
moments

FREE BODY DIAGRAMS OF COLUMNS AB &CD

16.36 KNm <
\

—> 234K KNm

¢ 2.34KN

Using £Fx = 0 for the entire frame

R=11.12kN —»

35.11 < L

Y—» 3.78KN

«— 8.78 KN
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Hence R'= 11.12 KN creates the sway moments shown in the above moment distribution
table. Corresponding moments caused by R = 5.34 kN can be determined by proportion.
Thus final moments are calculated by adding non-sway moments and sway moments
determined for R = 5.34 KN as shown below.

Mup =0

5.34

5.34

11.12
Mcg = 2.92 + >34 (35.11) = 19.78KN
cB = 2. %13%2 A1) =19, m
Mcp = —2.92 + m(—35.11) = —19.78KNm
Mpc =0
20 KNm
19.78 KNm
4.63KNm — _
4.63KNm . 19.78 KNm
17.4KNm _|_
B.M.D
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